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1 Backward Induction
The description of a (multi-player) game in extensive form is given
by a tree of possible plays in the game, with the outcome of each
play described in the leaves of the tree.

In sequential games with perfect information a strategy profile con-
sists of a family of mappings

nexti : X1 × . . .×Xi−1→ Xi

for each round i, calculating the move at point i given what has al-
ready been played up to then.
Given a game in extensive form, backward induction is a technique
used to calculate a strategy profile in sub-game perfect equilibrium.
In a game with n rounds, one can easily calculate the optimal map-
ping nextn as

nextn(x1, . . . , xn−1) = argmax(λy.q(x1, . . . , xn−1, y))

where argmax : (Xn → R) → Xn find the point where the function
attains its maximum. Once the last optimal strategy is computed,
one can then calculate the last-but-one and so on.

2 Selection Functions
We call a quantifier any functional of type (X → R) → R. For
instance

∃,∀ : (X → B)→ B
sup, inf : (X → R)→ R∫

: (X → R)→ R
fix : (X → X)→ X

We call a selection function any functional of type (X → R)→ X .
For instance

ε : (X → B)→ X (Hilbert’s ε-term)

argsup, arginf : (X → R)→ X

fix : (X → X)→ X

A quantifier φ is attainable if for some selection function ε

φp = p(εp)

3 Product of Selection Functions
Abbreviate (X → R)→ X by JRX .
Given two selection functions ε : JRX and δ : JRY we define a new
selection function (ε⊗ δ) : JR(X × Y ) as

(ε⊗ δ)(q) = (a,B[a])

where B[x] = δ(λy.q(x, y)) and a = ε(λx.q(x,B[x])).
Given a sequence of selection function εi : JRXi we define their
product as ⊗

ε = ε1 ⊗ (ε2 . . .⊗ (εn−1 ⊗ εn))

4 Computing Equilibria
We have shown that the product of selection functions computes sub-
game perfect equilibria.
For simplicity consider a single payoff outcome, i.e. assume a given
outcome function q : X1 . . . Xn → R where all players are trying to
maximise the outcome. They, the optimal play can be calculated as

~x = (
⊗

argsup)(q)

If the outcome is a tuple Rn where each player is trying to maximise
their own payoff we simply have to replace argsup by

argsupi(p) = any point x which maximises i-th coordinate of p(x)

at each round i.
Finally, a strategy profile in sub-game perfect equilibrium can be
calculated as

nexti(x1, . . . , xi−1) = ((argsupi ⊗ . . .⊗ argsupn)(qx1,...,xi−1))0

5 Unbounded Games
We showed that this also works if one replaces the finite product
above by an unbounded product⊗

i

ε = εi ⊗ (
⊗
i+1

ε)

Given an infinite sequence of selection functions.
This also involves a generalisation of the games above where quan-
tifiers and selection functions are used to describe the game, rather
than the particular case of sup and argsup.
The unbounded product of selection functions has also been shown
to be equivalent to bar recursion (Proof Theory) and to witness a
computational version of the Tychnoff theorem (Topology). This
shows a new surprising connection between Game Theory, Logic
and Mathematics.
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