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1. Introduction

We propose a new, elegant and self-contained proof of simply typedculus with pairings and projec-
tions.

Definition 1.1. (The grammar)

t = x| x.t|(u,t)|mot|mt|(u)t

for simplicity we denotet...t, = (...(t1)t2)...t,—1)t,. We adopt Krivine’s notationfor parentheses.
Thus in7*(u)t, projections are applied to the result of the application tf ¢.

We remind that every term of the-calculus with pairings and projections has the form

YL XY (T (7 Rt L )t

wherer* is a sequence, possibly void, of projectionsor 7, andh, thehead has one of the following
forms:
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h = (L")\x.tho, t1>

We defineSN to be the set o$trong normalizable termand-* the reflexive and transitive closure of
the G reduction:-.

Definition 1.2. A lambda ternt is elementaryf ¢ ¢ SN but all the proper subterm ofare inSN.

Note that any elementary term is of the form
o (m(..(m* Az.u)t)ty..)t, (With u,t,tq, ..., t, € SN);
° (W*n(...(ﬁ*lﬁi<uO,U1>)t1...)tn (withi =0o0ri =1andug, u1,t1, ..., tn, € SN).

where(Az.u)t or m;(ug, u1) is thehead redexFor exampléz.xx) Az.xx or (7o (71 (z, Ay.(Az.xx, w)))y) \z.xx
are elementary terms. Note that the head of an elementary term must reduce othertyise, s €
SN, it would surely not have an infinite reduction.

Proposition 1.1. If v ¢ SN thenv has an elementary subterm.

Definition 1.3. Givent ¢ SN we define:
¢ thestandard subtermof ¢ as its leftmost elementary subterm;
o thestandard redexf ¢ the head redex of its standard subterm:;

e the s standard reducbf ¢ the termt’ obtained fronmt contracting the standard redex. We will write
t=g t;

e the standard reductiorof ¢ the succession of terms obtained franapplying only 5 standard
reductions. Thus if =g t1... =« tn =« ... then the standard reductionois ¢, t1, ..., t,, ... .

Proposition 1.2. 1. if (7**(...(7* ut/x])t1...)t, € SN then(7m**(...(7*  (\z.u)t)ty...)t, € SN;
2. if (7 (... (7 g )ty )t € SN andug—; € SN then(7*"(...(7* m; (ug, ur ) )t1...)t, € SN .
Proposition 1.3. t ¢ SN iff the standard reduction dfis infinite.

Proposition 1.4. Let u,t € SN andu[t/z] ¢ SN then there exists such thaw[t/z] >}, v and the
standard subterm ofis in the form

(T ()t )t

Proof:
by in induction onk(u) where, given a term $(s) is the length of the maximal reduction ef Let
consider the possible standard reductions itigtz| can perform:

o ut/x] =4 u'[t/z] apply inductive hypothesis ouf;
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e ult/z] s u' because of a redex inthen, as the standard reduction reduces the head redex of

the standard subterm, the standard subterm[ofz] is (7*"(...(7*!t)t;...)t, and we end with
ult/x] = v;

e ult/x] =%, v« and the redex is not innor inu. Thereforet is a lambda abstraction or a pair in
order foru[t/x] to reduce:

— tis alambda abstraction and the standard subternft f] is in the form(7*™ (...(7*2(t)t1 )ta... ) tn.

We end withu(t/z] = v ;
— tis a pair and the standard subtermuff/z] is in the form(7*"(...(7* m;t)t;...)t,,. We end
with uft/z] = v .
0

Proposition 1.5. Let ut be elementary. There exists an elementary tékm.s)t such thatut -7,
(Az.s)t.

Proof:

by induction onk(u). We remind that, by definition 1.2, the head of an elementary term must be a redex.

Therefore the cases considered are the following:

e ut = (A\z.s)t and we have the result;

o (T (.(m 1Az 0))t1 ot 1)t = (7 (..(x* [t /2])t1...tn—1)t. Apply inductive hypothesis
with v = 7" (... (m* [t /o))t ) tn_1;

o (T (. (7 i (ug, ur))t1. 1)t = (7 (... (7" )ty ...ty 1 )t. Apply inductive hypothesis with
U = W*n(...(W*lui)tl...tn_l.
a

Proposition 1.6. Let ut be elementary. There existssuch that.t -}, v and the standard subtermof
has the form(7*"(...(7*1t)t;...)t, and the headis obtained by substitution @fto somez in w.

Proof:
by proposition 1.5 and 1.4. O

Theorem 1.1. Every simply typed lambda termwith pairing and projection is strong normalizable.

Proof:

suppose: ¢ SN. Let E be the set of typed elementary ternisis not empty. Consider somg € E
such that the length (logical complexity) of the typetas minimal among all theit € E and all the
type assignments given to sugh Then for nou't’ € E there is an assignment of a shorter type’to
By proposition 1.6ut =%, v and the standard subtermwhas the forn(7**(...(7*1t)¢;...)t,. The type
of t has the same type it has it by subject reduction because reduces ta\z.t')¢, then tot'[t/z]
and one substitution dfto = produces the head ¢f*"(...(7*1t)t;...)t,. The type oft strictly includes
the type oft,. Now (7*"(...(7*!t)t1...)t,, is a term inE of the formu't,, with an assignment t¢,, of
a shorter type thanbut this contradicts the choice of the type assignment.fahereforeE = () and
z € SN because it can not have any elementary subterm. O



